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Abstract. Written with respect to an appropriate Poisson structure, a partially integrable Hamil- 
tonian system is viewed as a completely integrable system with parameters. Then, the theorem on 
quasi-periodic stability in Ref. [1] (the KAM theorem) can be applied to this system. 

A Hamiltonian system on a 2n-dimensional symplectic manifold (Z, Q) is said to be a 
partially integrable system (henceforth PIS) if it admits 1 < k < n integrals of motion if;, 
including a Hamiltonian, which are in involution and independent almost everywhere on 
Z. Let M be its regular connected compact invariant manifold. Under the conditions of 
Nekhoroshev's theorem [4, 7, 3], there exists an open neighbourhood of M which is a trivial 
composite bundle 

7T: U = VxWxT k ^VxW-^V (1) 

over domains W C M 2(n ~ fc ) and F C tf. It is provided with the partial action- angle 
coordinates (/«, z A , l ), i = 1, . . . , k, A = 1, . . . , 2(n — k), such that the symplectic form 
Q on U reads 

Q = dli A + n AB {I h z c )dz A A dz B + W A (I j7 z c )dli A dz A , (2) 

and integrals of motion Hi depend only on the action coordinates Ij. 

Note that one can always restrict U to a Darboux coordinate chart provided with coor- 
dinates (Ii,p s ,q s ; ip l ) such that the symplectic form Q (2) takes the canonical form 

fi = dh A dip 1 + dp s A dq s 

[2, 6]. Then, the PIS {Hi} on this chart can be extended to a completely integrable system, 
e.g., {Hi,p s }, but its invariant manifolds fail to be compact. Therefore, this is not the case 
of the KAM theorem. 
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Let Ti(Ij) be a Hamiltonian of a PIS in question on U (1). Its Hamiltonian vector field 

& = ar-H^di 

with respect to the symplectic form Q (2) yields the Hamilton equation 

/i = 0, z A = 0, ^ = ^H{Ij) (3) 

on U. Let us consider a perturbation 

W = H + H 1 (I j ,z A ,(f>>) (4) 

(see [5] for the case of Tii independent of z ). A problem is that the Hamiltonian vector 
field of the perturbed Hamiltonian (4) with respect to the symplectic form Q (2) leads to 
the Hamilton equation z A ^ and, therefore, no torus (3) persists. 

To overcome this difficulty, let us provide the toroidal domain U (1) with the Poisson 
structure of rank 2k given by the Poisson bivector field 

w = d i A d t . (5) 

It is readily observed that, relative to w, all integrals of motion of the original PIS (Q,{Hi}) 
remain in involution and, moreover, they possess the same Hamiltonian vector fields. In 
particular, a Hamiltonian H with respect to the Poisson structure (5) also leads to the 
Hamilton equation (3). Thus, we can think of the pair (w, {Hi}) as being a PIS on the 
Poisson manifold (U, w). The key point is that, with respect to the Poisson bivector field w 
(5), the Hamiltonian vector field of the perturbed Hamiltonian H' (4) is 

f = &H'di -diH'd 1 , (6) 

and the corresponding first order dynamic equation on U reads 

h = -d t n\I v z B , ft), z A = 0, & = &H'(Ij, z B , <jP). (7) 

This is a Hamilton equation with respect to the Poisson structure w (5), but is not so 
relative to the original symplectic form VL. Since z A = and the toroidal domain U (1) is a 
trivial bundle over W, one can think of the dynamic equation (7) as being a perturbation of 
the dynamic equation (3) depending on parameters z A . Furthermore, the Poisson manifold 
(U, w) is the product of the symplectic manifold 

(v x T k , n w ), n w = dit a dp (8) 
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and the Poisson manifold (W, w — 0) with the zero Poisson structure. Therefore, the equation 
(7) can be seen as a Hamilton equation on the symplectic manifold (V x T k , Q w ) depending 
on parameters. Then, one can apply the conditions of quasi-periodic stability of symplectic 
Hamiltonian systems depending on parameters [1] to the perturbation (7). 

In a more general setting, these conditions can be formulated as follows. Let (w, {Hi}), 
i — 2, . . . , k, be a PIS on a regular Poisson manifold (Z, w) of rank 2k. Let M be its regular 
connected compact invariant manifold. Under certain conditions [6], there exists a toroidal 
neighbourhood U (1) of M provided with the partial action-angle coordinates (Ii,z A ,4> 1 ) 
such that the Poisson bivector w on U takes the canonical form (5) and the integrals of 
motion are independent of the angle coordinates </>\ 

We restrict our consideration to the case when all functions are real analytic, and they 
are provided with the real analytic topology, i.e., the topology of compact convergence on 
the complex analytic extensions of these functions. 

We say that a (real analytic) Hamiltonian H(Ij, z A ) of a PIS is non-degenerate at a point 
( J, z) G V x W if the frequency map 

uj : V x W 3 (Ij, z A ) h-> C(Ij, z A ) G R k 

is of maximal rank at this point. Note that u(V x W) C M fc is open and bounded. Given 
7 > 0, let 

k 

= {uj E R k : iJtti] > \aj\)~ k ~ 1 , Va G Z fc \ 0} 

3=1 

denote the Cantor set of non- resonant frequencies. The complement of n uj(V x W) in 
uo(V x W) is dense and open, but its relative Lebesgue measure tends to zero with 7^0. 

The following result is a reformulation of that in Ref. [1] (Section 5c), where P = W is 
a parameter space and a is the symplectic form (8) on V x T k . 

Theorem. Let the Hamiltonian TC(Ij,z A ) of a PIS in question is non- degenerate at a point 
{I, z) G V x W, and let 

£ H = d i H(I j ,z A )d i (9) 

be its Hamiltonian vector field. Then, there exists a neighbourhood O C V xW of (T,z) such 
that, for any real analytic locally Hamiltonian vector field 

z = z i (i j ,z A ,<fj)d i +e(i j ,z A , ( y)d i 
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sufficiently near (9) in the real analytic topology (see [1], pp. 59-60), the following holds. 
Given the Cantor set T 7 = ti; -1 (jV 7 nu;(C?)) , there exists a ^-invariant subset ofOxT k which 
is a C°° -near-identity diffeomorphic (see [1], p. 60) to T 7 x T k and, and on each tori, this 
diffeomorphism is an analytic conjugacy from £^ to £. 

This is an extension of the KAM theorem to PISs. 
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